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The slight deformation of a helical macromolecule leading to the superhelical structure is considered. General equations

which connect “internal” stereochemical parameters of the backbone of a helical macromolecule with “external® param-
eters of the supethelix are obtained; they are analogous to those of Shimanouchi and Mizushima. The case when the radius
of the major helix is much greater than the radius of the minor helix is treated. Assuming that all conformational changes
are due to small distortions of the rotation angles (bond angles and bond lengths are kept constant} the general equations
reduce to a set of nonhomogeneous linear algebraic equations. Its solution (in the case of the DNA double-helix in B-form)
shows that the DNA backbone can form a coiled-coil with parameters close to those estimated from experimental data on

DNP in chromatine from nuclei of cells.

1. Introduction

In a number of experimental investigations the
structure of chromatine has been studied. It was found
that in DNP (i.e. in complexes with histones) the mole-
cule of DNA, being mainly in the B-configuration, is
folded in a regular compact structure with identity
period 120 A [1-4]. In 2 model recently proposed
[5] the structure of chromatine is based on a repeat
unit containing histones and a coiled segment of DNA
(about 200 base pairs). Such units form a flexibly
jointed chain of a chromatine fiber. The question
arises how the DNA segment is coiled within the unit.

Periodic kinks of the DNA molecule resulting in
coiling have been discussed recently [6]. In this pa-
per we concern a possible “smooth™ coiling of the
DNA molecule. First of all we have to find general
equations to evaluate the changes of the stereochem-
ical parameters of helical macromolecules for which
the axis of the helix has been twisted into a helix
with large radius (i.e., forming superhelix).

2. Madel

We assume that a helical macromolecule of arbitra-
ry structure, but constant helix-parameters (the radius
of helix p, the angle of rotation about the helix axis
¥ and the translation d along the helix axis per repeat
unit of the chain), is coiled into a major helix of radi-
us R > p, angle of rotation x and translation / along
the major helix axis per just the same structural unit
of the chain. The coordinates of the structural units
must satisfy the discrete parametric equation of' a
superhelix [7] in a fixed coordinate system (X, ¥, Z)
(see fig. 1)

Xy = [R + p cos(k3)] cos (kx)
+ p cos ¥ sin (kx) sin (k9),
Y, = —[R + p cos (k)] sin (kx)
+ p cos ¥ cos(ky)sin (kD),
Z, =kH + psin ¥ sin (9), (1)

where ¢ is the angle between the tangent to the axis
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Z We shall use the following definitions (see also
table 1): the minor helix is a helical macromolecule
distorted by coiling into superhelix; the major helix
is the axis of a helical macromolecule coiled iato reg-
ular helix; the minor structural unit is a distorted
structural unit of the ordinary helix. The nature and
the extent of the distortion depend on the number
of the structural unit k& and vary periodically. There-
fore, the term *“minor structural unit™ is convention-
al. The major structural unit is a real structural unit
formed by # minor structural units. |00y, ; — Ool
is a chord of arcd, where d iz a deformed translation
along the axis of the minor helix; # is the number of
the minor structural units and m is the number of
turns in the identity period of the minor helix; N is
the number of the major structural units and M =

(D 2aR)ctg(n/2—¢) is the number of turns in the
identity period D = HNn of the major helix.

\

3. Derivation of the general equations

We wish to connect the geometric characteristics
of the major and minor helices with the molecular pa-
Y rameters of the polymer chain backbone (bond lengths
{;, bond angles 8; and rotation angles ;). To this end
Fig. 1. Coordinate systems and parameters characterizing the we start from the general scheme for treating the or-
major and minor helices. dinary helical structures used elsewhere [8].
Introduce three sets of cartesian coordinates (of
of the major helix and the OZ axis and k is the num- the same sense) for each minor structural unit (see
ber of the structural unit. figs. 1 and 2):

Table 1
Description of helical structures

Helical structures Characteristics of helical structures

repeat unit parameters per reprat pericdicity
structural unit conditions

ordinary helix of macromolecule structural unit nd = 2am

of p bonds

T S RN

superhelix the minor helix minor structural
unit of p bonds 100z, — Oogl
@

no = dum

the major helix major structural R NGx) = 2nM
unit of pn bonds Hn
xr
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Fig. 2. Local molecular coordinate systems for distorted,
", y", 2""), and undistosted, {x', y', z'), sequences of struc-
tural units Br_j.Brand Ag ,, Ag.

(x", ", 2'") are local molecular coordinate systems
connected with the minor structural units. The origin
of each reference frame is affixed to the first atom
of the structural unit.

(x. y, z);. are auxiliary local coordinate systems of the
superhelix. The origin of each reference frame lies on
the minor helix axis at the intersection with the per-
pendicular from the origin of the corresponding local
molecular coordinate system. The axis z. is directed
along the tangent to the major helix in point O,.. The
axis xg is taken along the radius of the major helix.
(£,71, ) are local coordinate systems of the super-
helix. They are obtained by the rotation of the coor-
dinate system (x, ¥, z); around axis 2z through the
angle (k9).

For any vector in the reference frame (£,7, {4
transformation into its representation in the refer-
ence frame (£, 1, {), through the coordinate systems
of the superhelix (x, ¥, z)z 1, (X, ¥, Z) and (x, y, z),
on the one hand, and through the local molecular
systems (x”, ¥, 2")z ¢y and (x", ¥", 2'")z., on the
other hand, yields equations which are analogous to
those derived by Shimanouchi and *Mizushima [8],
but generalized for the superhelix. We thus obtain:

- _ -__l‘- -~
&@o , —00,)—(E—_N)p=T_5,. (3)

Here E is the identity matrix, ﬁk, §k, IEk and fk are
the transformation matrices defined by

ﬂk: (E’ nr g’)k+l g (Ev n1 i‘)k1

sk . (xn,yn’ Z”)k+1 - (xu' y"' Z")k,
Fe: (X, Y. 2) > (£,0,0),.

fk : (E, 1, S-)k - (x",y", z")k'

by, is the “length’ vector of the Ath minor structural
unit expressed in the local molecular coordinate sys-
tem (x"', ", 2"'); . As distinct from a regular cylindri-
cal structure (ordinary helix), in our model b} vary
periodically (16| = by ,,I) depending on the number
k of the minor structural unit. For the major struc-

tural unit the condition IE:.'zal b = const must hold.

The elements of tt e matrices N, F. and the vec-
tor (Qoy | — Oa;) caa be found in appendix 1. The
matrices §k, Ty and the vector by depend on the
choice of the local molecular coordinate systems (x"',
¥, 2" )¢ In order to find their elements, the follow-
ing scheme may be used. Imagine that two successive
minor structural units of the same macromolecule
meet in point C. {(see fig. 2): the sequence of struc-
tural units forming a superhelix is B;_y, B;. and the
sequence forming an undistorted ordinary helix is
Ag_1.Az. The molecular coordinate system (x"', y",
z"") for the structural unit B, is introduced as fol-
lows: the axis z;, coincides with the direction of bond
p in the preceding B;_ 1, the axis xz lies in a plane of
bonds p and (p—1) of the same unit B;_;, forming
an acute angle with bond (p—1). The molecular coor-
dinate system (x", y, 2');. for the structural unit Ag
is introduced in the same way.

Now in order to define the transformation matrix
f‘k, it suffices to write an arbitrary vector in the coor-
dinate system (£, 7,{); and to transform it into the
reference frame (x"', "', z'"); directly and through
reference frames (x, y', ") and (x', 3", 2" ).+ . This
leads to the expression

fk =587, 4)
where T and $ are transformation matrices defined by
T:(E0,0, > ), 2),,

S:(x" 3. 2 Yy Y 2,

This performs the transformation within the sequence
of the undistorted structural :mits A, _,, A, and
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therefore coincide with similar matrices in the equa-
*ion of Shimanouchi and Mizushima [8]. The trans-
formation matrix

'§k: (xl'yl' z')k"'l "i'(x",y"' zll)k

operates within the sequence Bg_;, A; (because the
spatial orientation of the coordinate system (x", y*',
2"), is determined by the dircction of bonds p and
(p—1) of the structural unit Bg_ ;).

Wrth sur.h molecular coordinate systerus x5y, Z )k

“and (x", ", z""); the form of the matrices $; and’

Sk is defined, as usually, through the use of auxiliary
coordinate systems (x;, ¥;, z; )y affixed to each bond
of the structural unit (i = 1,2, ...,p). Then

p—1

= 1 6. )
p-1

§, = H G- 6)

Here (S )% and G; S))x are the transforrnatron matrices
fot coordmate systems( Xie1s yﬂ_l, i1 g and (x,
Yi 2 in the sequence BL 1sBg and for coordinate
systems( il -V1+1’ 1+l ) and (x X y z )k in the se-
quence Bk-— 1AL, respectrvely. (The reference frames
(xg. ¥0» 200 and (xg, ¥, Zo)x are nothing else than
(x;)" }’". z’p’)k._l c)

Taking into account that the minor structural units
in the superhelix (in the identity period of the minor
helix) may be distorted in different ways, we can
write the following form for the matrix (Sl-)k:

] —cos (r"i)k cos (-;l.)k sin (\Df)k ~sin (a/.)k cos(g)y
(5} =| —cos{ay)y sin (5 ~cos(y )y —sin (e, sin ). O
—sin (o), o] cosla),

() =7~ '(Bi)k.
For an ordinary helix we have, as usually, (§I—)k = §,
and

§=11s, 8

=0 7 ®)
Now vector b;. can be written as

[ 116G | Gy ©

where

0

e = ©
(Irﬂ )k
Elements of the matrix S, are expressed in terms
of the known rotation angies of the undistorted struc-
tural unit A;,, with the exception of the angles re-
lated to bonds (/; ) and (/) because they are de-
fined by the (p~-1)th and pth bonds of the structural
unit B¢ _;, according to the foregoing convention.
Then eq (6) can be written as follows
p—
[I G, 10
Sy 11 g5 (10)
where matrix (S,-)k_(f =0, 1) is analogous to the trans-
formation matrix (3;')&: (G =0,1) [see eq. (7)] but,in
general, has other values of the distorted rotation

angles (;);, and bond angles ().
Finally, substituting eqs. (8) and (10) in eq. (4) we

have
T, =(S)e (1), 5,5 7' T. (11)

To derive the elements of the matrix T we con-
sider three vector equations for the componeats of
the vectors by, (by_y T O 1) and (bg_; — bp ) in
the local molecular coordinate system related to the
kth structural unit of the ordinary helix

TN+N)[2 —(E-N)p) =(S +§ )5,
TN - N[ - (E -N)p] =8 ~§71)s, (12)
T[d—(E—N)p] =5
Solving these equations for the elements of T we
have
T =(1,.7,.T;), (13}
where
T, =—()VHE~51)s,
T, = (p'sin 9) "L {(E — §) + (E —~§~1)cos8]5,
T, = [2(1—cos M) (')} 12§ + 51 — 2 cos 95,
o' =[AE-$"15-5]12 = 2p(1 — cos 9),
d' = [(§+§! — 2E cos 9)5-b] 12 = [2(1—cos 9)] 124

Hence, egs. (2) and (3) as well as eqs. (A 4), (A.S),
(A.6), (5),(7),(9), (11) and (13) are general expres-
sions connecting “internal’ molecular characteristics
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with “external” superhelical parameters of the mole-
cule.

At x=0and ¢ =0 or 7/2 eqs. (2) and (3) are re-
duced to the corresponding equations for ordinary
helical chains (the axis of the helix is a straight line

[81).

4. Linear approximation

We shall treat the case where R > p (this is equiva-
lent to considering only small vajues of x) and the
angles of internal rotation are the only parameters.
Thus

(Ii)k = l]w (Gj)k = 8]-:
(Bl =¢;+(Ag), (=0,1,...,p—1),
@ =+ (A5), (G=0,1),

where (Ag;)y and (AZ)), are small deviations of the
angles (zpj)k and @)k from the respective values of
the rotation angles @ of the ordinary helix in sequences
of structural units B_,Bg and Bp_,A,.

Expanding components of egs. (2), (3), (A 4),
(A.5),(A6), (5),(7),(9) and (11) into a power series
of ¥, (.A:,o,-),c and (AZ_?J}),C, taking into account only lin-
ear terms of the expansion, we obtain (see appendix
2) a set of non-homogeneous algebraic equations
which connects all values (Ag;), and (Ag;); . The co-
efficients of these equations include the parameters of
the undisterted helix and other molecular quantities
p—1

g T, 2 (A, — (B, + 8,) (AT, ]

(14)

1
+ 2 2,(AB) . = —xsin ¥ sin (k9),
2

o—1
j§ Tz 'l;') [(A(’Df)k - (601' + 51]-) (A";D})k]

1
w1 = _ 1 |/
+i§ bi(A‘*",f)k £l x sin ¥ cos (k3),

p—1
27 TR Mg, — Boy+ 5,) (AT

1
+f§ ;A3 = —xcos¥,

p-1 1
2 T AG-D B+ ZE B

= —x(d/2)sin ¢ cos(k9),

p-l 1
’?;2’ T, A(G-1)(Av), — IQ AT,

= x(d/2)sin ¢ sin (k%) + xp cos ¢,

p—1 1

Z8 T3AG-D @) + 25 (0T,
=—xpsincos(k®) (k=0,..,n-1), (15)

with

a; = cos 9T, l? —sin 87, l,0

bj =sin 87 °1}) + cos 0T, -[]9 ,

¢ =dsin 0T, !]0 +d cos 01‘2'[}) —p%in ﬂTS-I?,
f; =d cos T, 1;) —dsin ﬂT_,_-l? +p(1—cos )T, zf
e;=p[sin 9T, L) — (1 — cos )T, -1].

It should be pointed out that the set of equations
(15) describes the variations of the rotation angles in
the kth minor structural unit. Each minor structural
unit (within the major one) may be characterized by
its own set of values {A{p]-}k as well as {A'_Co’j}k. Thus,
in order to evaluate the conformational changes of a
helical macromolecule deformed into a coiled-coil,
we have to solve the set of equations (15) for all val-
uesk=0,1,... ,n—1.

If p = 1 or 2, the set of eqautions (15) are incom-
patible. This means that a minor structural unit of the
superhelix cannot consist of one or two bonds. In-
deed, according to our model the angle of rotation &
was assumed to be constant in the distorted initial
helix and a chain forms superhelix solely due to the
periodical shortening and lengthening of the vector
by . But for a chain with p = 1 or 2 the vector length
1B is constant for any rotation angle (at {;} = const,
{6;} = const). If, nevertheless, a macromolecule with
a structural unit of one or two bonds forms a super-
helix then the minor structural units of the superhelix
have to consist of several structural units of the orig-
inal helix.

The equations {15) are invariant relative to the
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transformations
X g‘ - ")S~ —(Tf—\(l). (16)

This is equal to a reversal of the directions of the axes
rr (44

O, 2 (1. D, (0. 27 )y and confirms the equivalence
‘of both directions in the macromolecule.

5. Results and discussion

The equations (15) are used to obtain the varia-
tions of the rotation angles for the DNA double-helix
forming a coiled-coil. For DNA p = 6 and the number
of unknowns in the set (15) is greater than the num-
ber of equations. In this case the set of equations (15)
is compatible but indefinite. The variables (A%3)z +4
and (AP );.4+1 were taken as arbitrary. Varying them,

307#'"‘4‘} sy
4

30T a¥f

gg‘_ L

—10° - /,7'__

—20 -20"

—sot -394

aY,
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we found solutions of the set (15) and selected among
them such solution which lead to the minimum values
of other unknowns (A«pj)k ¢=0,1,...,p—1). For sim-
plicity (A% )g and (A¢] )g were assumed to be equal
to zero. Conformational characteristics of the DNA

in B-form were taken from Arnott’s paper [9]. For
the superhelix parameters we take the identity period
D =120 A and the radius of helix R = 50 and 60 A.
To find the effect of the angle of inclination of the
major helix (7/2—1) on the form of the solution, we
take various values of the number of turns in the iden-
tity period M and, consequently, N [N2(nd)? =
M2(27R)? + D?] at fixed D and R. The limiting case
M~ oo (/2 — ¥ ~ 0) for which the axis of the or-
dinary helix is deformed into a circle and the super-
helix degenerates into a tore, was also considered.

The set of equations (15) was solved by the Gauss

9*1af,

e/, A

-

Fig. 3. Distortion of the rotation anglzs {Aqa-}k 7 =0,...,5) of the DNA in B-form in the superhelix formation. £ is the numbex of
the minor structural unit (k = 0, ...,n—1). Tf:e values of parameters are as follows: R =504, 0=1204,p=9A,d=344,0=
35.5°, (@M =1 (¥ =69.3°, x=3.6°, 1N = 100); (b) M = 5 (¥ =85.6°, x=3.9°, "N =460); () M~ = (¢ =+ x/2, x =3.9°, nN =100).
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method. Results obtained for the case where a right-
handed helix of DNA is deformed into a left-handed
major helix are shown in fig. 3 for M = 1,5 and <o,

As can be seen in fig. 3, within the major structus-
al unit the changes of the rotation angles strongly de-
pend on the number of the minor structural unit k.
This means that different segments of the major struc-
tural unit are deformed differently and, therefore,
each minor structural unit is characterized by its own
set of rotation angles {v;}; (G =0,1,...,p—1). The
middle segments of the major structural unit (k =4
and 5) are subjected to the maximum deformation:
they experience the largest compression (b, is shor-
tened) and lA‘lek reach their maximum value.

A decrease in the angle of inclination of the major
helix (7/2 — ¥) (i.e., an increase in the number of
turns M in the identity period approaching the limit-
ing case of a tore) leads to a considerable deformation
of the terminal segments (%X = 0 or 9) of the major
structural unit: they experience the laigest extension
(b, is lengthened). An increase of |Ayg;lg for k=0 or
9 is accompanied by a decrease of IAzpl-Ik fork=4
and 5 and in the limit their values are almost coinci-
dent.

The variations shown in {ig. 3 are obtained for M =
1 and 5. The resulting curves for intermediate values
of M are similar. Their extremes lie between the cor-
responding values [(Ag;)zl,,,, shown in fig. 3. At M =
2.3 and, consequently, Nn = 190-280, the “mean
deformation’ of the major structural unit reaches a
certain minimum (the deformation of the middle seg-
ments diminishes but that of the terminal segments
does not increase yet sufficiently). Therefore, the super-
helix with such “‘external” characteristics may be

Table 2

more favorable than any other one with fixed D and
R

With increasing radius of the major helix R the gen-
eral picture remains the same but (Ag;);, slightly dim-
inish.

Deviations of the rotation angles from their values
in B-form of DNA are rather small and the maximum
ones do not exceed 28° (at R =50 and M = 1). It is
interesting to compare the values obtained with the
variations of the rotation angles in different forms of
DNA [10] (see table 2). It can be seen that on the
whole the values {Ag;},,, obtained do not exceed
those corresponding to the transition from the B-form
to another one and have the same sign as the values
for the B — C transition.

The results of this work demonstrate that the DNA
backbone, in general, can form a superhelix owing to
the slight distortion of the rotation angles. It is obvi-
ous that the calculation of the superhelix energy must
be carried out for a detailed analysis.

1t should also be pointed out that, because the max-
imum distortion of the rotation angles in the process
of deformation reaches 28° and may be even greater
{at R <30 A), the linear approximation in egs. (2),
(3), (A4),(A5),(A.6),(5),(7),(9),(11) may be not
quite correct. Therefore, values {Ag.’)j}k derived from
the set of equations (15) should be treated as the ze-
roth solution of the exact equations (2) and (3); they
may be used to find new solutions of higher approxi-
mation.

Another interesting aspect should be mentioned.
There are experimental data showing that besides the
chromatine structural units of 200 base pairs of DNA,
there exists a shorter periodicity with a structural unit

Deviations of the rotation angles in different helical forms of DNA from their values in B-form

The axis of internal Rotation angle in

Deviations Ay; of the rotation angles

rotation B-form =
B-form in C-form T-form A-form
superhelix
o :0,-P 264 4 -279 —-52.7 106 48.7
’:C3-0, 1547 205 56.7 —18.7 234
a® :Ca—C3 156.5 -935 -159 -10.5 -733
£ :C5-Cs 364 27.7 11.3 49.6 89
8° :0;-Cs 2138 —28.0 -70.1 95 -5.1
v :P-04 3139 -129 0.7 -26.9 -38.6
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of about 10 {or 20) base pairs [11]. The existence of taining therefore, Vit = 190 base pairs and the *“minor™
the shorter periodicity may be easily understood from periodicity would be connected with one major struc-
the superhelix model if we assume that the “major™ tural unit, containing 10 minor units, i.e. 10 base
periodicity is connected with the identity period of pairs.

the major helix and the “minor™ periodicity corre-
sponds to the identity period of the minor helix. Ac-

cording to the foregoing, these data can be attributed Acknowledgement

to the superhelix with R =508, D=120& and M =

2. Indeed, in this case the “major” periodicity would NZN is indebted to Professor V.V, Chavchanidze
be connected with V= 19 major structural units, con- for his interest in this work.

Appendix 1

In eqgs. (2) and (3) the transformation matrix N may be written as follows
N =0 P Oy Py a.n
where l5, is the matrix of transformation from the (¢, 7, §'),- to the (x, y, z),- coordinate system:
cos(j¥) —sin(j?) O
P={sinG®  cos(Gd) 0], (A2)
o o 1
67- is the matrix of transformation from coordinate system (x, y, z)]- to the fixed coordinate system (X, ¥, Z)
cos(fx) cos¥sin(jx) -sin ¥ sin(ix)
6j =| —sin(jx) cos¥cos(fx) —sinycos@y)]- (A3)
0 sin cosy
Intrc ducing eqs. (A.2) and (A_3) in eq. (A.1) we have
cos # — (1—cos ).c)au:i-c1 siny —sind+(1—cosx)a,,*c, siny a;,siny
N, =tsin ¥ + (1—cos X)ay;—¢, sinx cos ¢ — (1—cos X)ayytcpsinx aygsing , (A4)
a3, sin i a3, sin ] cosy + cos? J(l—cosy)
where
a,; = cos[(k+1)8] cos (kD) + cos? sin [(k+1)¥] sin (£3),
a,, = sin[(k+1)3] cos (k) — cosy cos[(k+1)¥]sin (k5),
a;5 = —sinx cos(k3) + cos Y(1—cos x) sin (k3),
a@y) = cos[(k+1)9]sin (k9) — cos> ¢ sin [(k+1)3] cos (kI),
@y, = sin[(k+1;5] sin (k3) + cos® W cos [(k+1)8] cos (k9),
a3 = sin x sin (A9) + cos Y(1—cos x) cos (k9),
a3, =sinxcos[(k+1)3] + cos Y(1—cos x)sin[(k+1)9],
J35 = —sinxsin[(k+1)8] + cos Y(1—cos x) cos[(k+1)8],
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€y =cosysing, ¢, =cosy cosd.
The transformation matrix £y can be expressed as
f1y fia sin ¥ sin (k)
F.= 0.2t =l faz sin ¥ cos (k9)]| , (A.5)
—sin ¥ sin{kyx) —sinycos(kx) cos¥
where

fiy =cos(kx)cos(k?) + cos¥sin(kx)sin(kd),  f;, = —sin(kx) cos(kI) + cos ¥ cos(kx) sin (k9),

f5y = —cos(kx) sin (&) + cos ¥ sin (k) cos (k9), Fyy = sin(kx)sin (k&) + cos ¥ cos (kx) cos (k).
The components of the vector (0o, .; — O0.) in the fixed coordinate system (X, ¥, Z) are
R{cos[(k+1)x] — cos(kx)}

0oy, — 00, = | —R {sin[(k+1)x] —sin(kx)} |- (A6)
H
Appendix 2

(1) In egs. (A.4), (A.5) and (A.6) expand the elements of matrices N k> i:k and vector (Ooy,; — Og;) into a
power series of the parameter x and retain only linear terms. Thea

N, =N+ xd, (A7)
where tie matrix N is just the same as the corresponding matrix in ref. [8]

cosd —sind O

N=|singd cosd 0}, {(A.8)
0 0 1
and
€os ¥ sin 3 cos ¥ cos & ~sin ¥ cos (k9)
n, = {—cosYcosd cosY¥sind sin ¥ sin(kd) . (A9)
siny cos[(k+1)#] —sin¢sin[(k+1)8] O
F@0op, —00) —(E — N )o=T"1b6 +xm, . (A.10)
715 coincides with the analogous expression in ref. [8] :
~p(1 — cos 6)\
T-5=| psind } (A.11)
d !

and
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—(d[2)sin ¢ cos(k$) + p cos ¥ sin @
m; = (d/2) sin ¥ sin (k¥) — pcos Y cos & .
p sin cos[(k+1)3]

(A.12)

(2) Taking into consideration eq. (14), expand the components of the matrix (7) into a power series of (A(p,-)k

and retain only linear terms. Then

G =8+ (ag) L,

where
cosa;sing;  cosy; sing; sinyg;
L, = |—cosgcosy; sing;  —sing;cosy;
0 0 0
Substitution of €q. (A 13) in eq. (5) gives
p- -1 p-1
H s+E(A¢)kl_[s L Il s,
Y r=j+1

which can be rewritten as follows

) A ps-:‘ -1 . j—1 -1 ) p-1
8, =8+ 2 (g, I1 .I.—l( 1 s,) §=5+ § (g, §G-1)RE1G-1)8,

Ik t 1 =0 ¥i
where
i~1
sG-n=I1s,
t
0 -1
o7 oa-l_
K=L;S; 1 ,
0
and finally we have
p—1
S, =8+ &1 (Ag) W,_;S,
where
0 —[BG-1133  [8G-Dla;
W_, =SG-DKS7'G-1)=| [SG-Dl3; O —5G-DI 5
~§G-D1,; [BG-DI; 0
Atj=0,W ;1 =K K . In the same way

i
Z) 2 (A w_, T

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A20)

(A21)

(A22)
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For by we have the following expression

-1 ¢ p-1 p—1

&
bk—bi-ZE(Aga)kW f[s —5+j§(agoi)kﬁ: E(H )m, (A23)

and taking into account that
-1

0
0

we have
p-.—
b, =b+ Z (8g) W, [ —5G-1)], (A24)

where

bi—1)= Z}(H )«-1 (A25)

Substituting egs. (A.19), (A.21) and (A.22) in the right side of eq. (2) and using the condition N=T18T we
find

p~1
To1§, T, =T180 = 15-ld. R ay el S
Vi Sl =T ST +i§ (A0 ~ B +8, ) (AT, 1T, TR+ 1230 (A% NF1H,_ T, (A26)

It can be readily shown that
~1: = _ . .
Tlw_ 7= T lf' 0 ~T 1, (A27)

where

0
P =8G-nEnh, =0
1

(A.28)

T=(@, L, T).
Using eq. {A.8) we finally obtain

o1

T8 T, =Nt Z) (Ao — By, #6,) (AF)), 18, + 2(3@ AR (A29)

where
~sin ¢ T3'l;.) —cos T3 i? T, I?
e b e )
g={"1W_TN=| cosoT, tf —sind9 Ty z° TR, (A30)

%osﬂ?z'{?i'sinéi‘l-!? sinx?Tz t?+cos8T1'l? 0
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-sinBTS -i? —-cosBT3 -l? sin&f"1 -I;] +c0519T2'1?\
C.=r(T-Iw. . TH= . —si . i g0 .
C,=ENETW,_,T)= cosd T, l;) sin§ Ty l? siné T, {9 cos &I, lJ?

T8 T 0
Substitute egs. (A.22) and (A.24) in the right-handside of eq. (3). Then
1 p-1

27 Ao ETI,_ (6 6G-D].

T, =T —143 (AF) TW,_,6+
It can be shown that
T~1 A(i-1)
-,"r‘lﬁli_lb(f—l)= T, AG-1) |,
T,-4(-1)
where

AG-1D = [ X b(G-1)].
Using eq. (A.11) we have
p—1
-1 —3-1 ~
T, =T+ IQ [(Ag), — 80+, (A7), 1D,
where
—psind T3-l}) +dT, ) — (1-8) (1-6 )T A1)
D, = | —p(1—cos )T +L — dT, L) — (1~8,,) (1-8, )T, - A(i—1)
p(1—cos ﬁ)Tz-lf.’ +psin® Ty tf ~ (1-8,)(1-8, )T3-AG—1)

(A31)

(A.32)

(A.33)

(A34)

(A.35)

(A.36)

Substituting eqgs. (A.7), (A.10), (A.29) and (A.35) in egs. {2) and (3) and equaling the respective elements on

both sides of egs. (2) and (3), we obtain the set of linear algebraic equations (15).
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