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The slight deformation of a helical macromolecule lcading to the superhelical structure is considered. General eqwntions 

which connect ‘*internal” stereo;hemiczrl parameters of the backbone of a heIica1 macrsmolecule with “cxrcmal” param- 
eters of the superhelix are obtained; they are analogous to those of Shimanouchi and Xlizushimn. The case when the radius 
of the major helix is much grater than the radius of the minor helix is treated_ Assuming that all conformational chanses 

are due to small distortions of the rotation an&es (bond angles and bond lengths are kept constant) the general equations 
reduce to a set of nonhomogeneous linear algebraic equations. Its solution (in the case of the DNA double-h&s in B-form) 
shows that the DNA backbone can form a coiledcoil with parameters close to those estimated from experimen?al data on 
DNP in chromatine from nuclei of cells. 

1. Introduction 

In a number of experimental investigations the 
structure of chromatine has been studied. It was found 
that in DNP (i.e. in complexes with histones) the mole- 
cule of DNA, being mainly in the B-configuration, is 
folded in a regular compact structure with identity 
period 120 i% [l-4] _ In a model recently proposed 
[S] the structure of chromatine is based on a repeat 
unit containing histones and a coiled segment of DNA 
(about 200 base pairs). Such units form a flexibly 
jointed chain of a chromatine fiber. The question 
arises how the DNA segment is coiled within the unit. 

Periodic kinks of the DNA molecule resulting in 
coiling have been discussed recently [6] _ In this pa- 
per we concern a possible “smooth” coiling of the 
DNA molecule. First of all we have to find general 
equations to evaluate the changes of the stereochem- 
ical parameters of helical macromolecufes for which 
the axis of the helix has been twisted into a helix 
with large radius (i.e., forming superhelix). 

2_ Model 

We assume that a helical macromolecule of arbitra- 
ry structure, but constant helix-parameters (the radius 
of helk p, the angle of rotation about the helix axis 
6 and the translation d along the helix axis per repeat 
unit of the chain), is coiled into a major helix of radi- 
us R > p, angle of rotation x and translation W along 

the major helix axis per just the same structural unit 
of the chain. The coordinates of the structural units 
must satisfy the discrete parametric equation of a 
superhelix [7] in a fixed coordinate system (X, Y, Z) 
(see fig. 1) 

Xk = [R -+ p cos (k9)] cos (h) 

f p cos $I sin (&) sin (k6), 

Yk = -[R f p cos (M)] sin (kx) 

t p cos +!I cos (kx) sin (k8), 

zk = kf!# + p sin $ sin (k8), (1) 

where + is the angle between the tangent to the axis 
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Fig. 1. Coordinate sys?ems and parameters characteting the 
major and minor he&es. 

of the major helix and the OZ axis and k is the num- 
ber of the structural unit. 

Table 1 
Description of helical structures 

We shall use the following definitions (see also 
table I): the minor helix is a helical macromolecule 
distorted by coiling into superhelix; the major helix 
is the axis of a helical macromofecute coiled i.lto reg- 
ular helix; the minor structural unit is a distorted 
structural unit of the ordinary helix. The nature and 
the extent of the distortion depend on the number 
of the structural unit k and vary periodically. There- 
fore, the term “minor structural unit” is convention- 
al. The major struct_ural unit is a real structural unit 
formed by ZI minor structural units. IUO~+~ - 00~1 
is a chord of arc zi, where 2 is a deformed transiation 
along the axis of the minor helix; ft is the number of 
the minor structural units and III is the number of 
turns in the identity period of the minor helix; N is 
the number of the major structural units and M = 
@/2PrR)ctg($2--$) is the number of turns in the 
identity period D = HNtz of the major helix. 

3. Derivation of the general equations 

We wish to connect the geometric characteristics 
of the major and minor helices with the molecular pa- 
rameters of the polymer chain backbone (bond Iengths 

if, bond angles 6, and rotation angles @_ To this end 
we start from the general scheme for treating the or- 
dinary helicaf structures used elsewhere [8 J . 

Introduce three sets of Cartesian coordinates (of 
the same sense) for each minor structural unit (see 

figs. 1 and 2): 

Xefid strucfures 

ordinary helix of macromolecule 

superhelix the minor helix 

the major helix 

Characteristics of helical structures 

repeat unit parameters per repeat periadicity 

structural unit axxiitions 

structural unit ns=2aY?r 
of p bonds z 

9 

minor structural P n9 = 2xm 
unit of p bands @olk,l- 00&l 

6 

nujor structural R N(nx) = 2X&i 
unit of pn bonds ffn 

m 
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Fig. 2. Local molecular coordinate systems for distorted. 
(x”, y”, L”), and undistorted, (x’. y’, z’), sequences of struc- 
tural units Bk_l, Bk and Ak_‘, Ak 

(x”,y”, z”)~ are local molecuk coordinate systems 
connected with the minor structural units. The origin 

of each reference frame is affixed to the first atom 
of the structural unit. 
(x. y. zjk are auxiliary local coordinate systems of the 
superhelix. The origin of each reference frame lies on 
the minor helix axis at the intersection with the per- 

pendicular from the origin of the corresponding local 
molecular coordinate system. The axis zk is directed 
along the tangent to the major helix in point 0,. The 
axis xk is taken along the radius of the major helix. 
($, p, c)k are local coordinate systems of the super- 
helix. They are obtained by the rotation of the coor- 
dinate system (x,y, z)k around axis zk through the 
angle (k6). 

For any vector in the reference frame (E, 9, &+l 
transformation inti, its representation in the refer- 

ence frame (E,TJ, [)k through the coordinate systems 

of the superhelix (x. y. ++I, (X. Y. z) and (x. Y. “),+ 
on the one hand, and through the local molecular 
systems (xx”. y”, z”)k+L and (x”, y”, Z”)k, on the 
other hand, yields equations which are analogous to 
t.!zose derived by Shimanouchi and Mizushima [8], 

but general&Z for the superhelix. We thl~ obtain: 

(2) 

(3) 

^ h ^ 

Here E is the identity matrix, Nk, Sk, Fk and Tk are 
the transformation matrices defined by 

‘k: (%%<)k+l -+(k%c)k, 

Sk : (x”, y “, ““)ktl + (x”, y”, Zr’)k, 

Fk : (x9 Y.2)-+(~,~,~)k. 

fk : (t, q, $)k + @“r y “. z”)k- 

6k is the “length” vector of the kth minor structural 

unit expressed in the local molecular coordinate sys- 
tem (x”,y”, z”)k_ As distinct from a regular cylindri- 
cal structure (ordinary helix), in our model [bk] vary 

periodically (l&J = [b k+& depending on the number 

k of the minor structural unit. For the major struc- 
tural unit the conditi.>n IX:_%’ bit_= const must hold. 

The elements of tf e matrices Nk, & and the vec- 

tor (oOk+l - oak) ca I be found in appendix 1_ The 
matrices ik, Tk and t1 !e vector bk depend on the 

choice of the local mo!ecular coordinate systems (x”, 
y”. z”)k_ In order to find their elements, the follow- 
ing scheme may be used. Imagine that two successive 
minor structural units of the same macromolecule 
meet in point ck (see fig. 2): the sequence of struc- 

tural units forming a superhelix is Bk_l, Bk and the 
sequence forming an undistorted ordinary helix is 
Ak_r, Ak. The molecular coordinate System (x”. y”. 

z”)k for the structural unit Bk is introduced as fol- 
lows: the axis z;I coincides with the direction of bond 

p in the preceding Bk_ 1, the a..is X;; lies in a plane of 
bondsp and (p-1) of the same unit B,_, , forming 
an acute angle with bond Cp- I). The molecular coor- 
dinate system (x’, y’, z’)~ for the structural unit A, 
is introduced in the same way. 

Now in order to define the transformation matrix 
+k, it suffices to write an arbitrary vector in the coor- 

dinate system (g, q, & and to transform it into the 
reference frame (x”,y”, z”)k directly and through 
reference frames (x’, y’. z’)~ and (x’. y’. z’)~+~. This 

leads to the expression 

T;- =*ks-‘i, (4) 

where f and s are transformation matrices defined by 

^ 
s : (x’. y ‘. z’)&.l + (x’. y’. z’)k _ 

This performs the transformatkn +hin the sequence 
of the undistorted structural :mitF Ak_l, Ak and 
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therefore coincide with similar matrices in the equa- 
Yon of Shimanouchi and Mizushima [S J . The trans- 
formation matrix 

operates within the sequence B,_, , Ak (because the 
spatial orientation of the coordinate system (x”,y”, 
z”)~ is determined by the direction of bonds p and 
(p-l) of the structural unit Bk_t). 

With such molecular coordinate systems (x’. Y’,.z’)~ 
and (x”,/‘, z”)~ the form of the matrices $k and 
& is defined. as usually, through the use of auxiliary 
coordinate systems (xr,_~i, Zi)k affixed to each bond 
of the structural unit (i = 1,2, . . ..p). Then 

R-l 

(5) 

(61 

Here (!$a and &j)->k are the transformation matrices 
far coordinate systems (x;‘:t,yjkf, ziil)k and (x,“, 
y;, z;-‘)k in the sequence B,_1, B and for coordinate k 
systems (x)+1 ,~j+~, .& )k and (xj, yj, z& in the se- 
quence B,_, , Ak, respectively. (The reference frames 
(xg, JJ$. .z& and (xb, yb, z& are nothing else than 
(x” y “9 $)k_ 1.) 

PT&- mg into account that the minor structural units 
in the superhelix (in the identity period of the minor 
helix) may be distorted in different ways,we can 
write the following form for the matrix (S,&: 

For an ordinary helix we have, as usually, (!%& s ?+ 
and 

n-1 

dJ ij. 
Now vector b, can be written as 

6k = 12 Lji (‘i)k] (‘r+i )k* 

where 

(8) 

(9) 

Elements of the matrix zk are expressed in terms 
of the known rotation angles of the undistorted struc- 
tural unit Ak, with the exception of the angles re- 
lated to bonds (fl)k and (1& because they are de- 
fined by the @- 1)th and pth bonds of the structural 
unit Gk_r, according to the foregoing convention. 
Then eq_ (6) can be written as follows 

(10) 

where matrix (%j)k 0’ = 0,l) is analogous to the trans- 
formation matrix (%I& t’j = 0,l) [see eq. (7)J but, in 
general, has other values of the distorted rotation 
angles @uli>k and bond angles @&_ 

FinaUy, substituting eqs. (8) and (IO) in eq. (4) we 
have 
_ W A -_ . 
Tk = (~&(g&(~(js~>-~ f. (111 

To derive the elements of the matrix ? we con- 
sider three vector equations for the components of 
the vectors b,, (bk_ L + bk+l) ad Cbk-1 - &+I) in 
the local molecular coordinate system related to the 
kth structural unit of the ordinary helix 

?(cr;J + r+)(d - (E - fi)l)p] = (S +C’)b, 

?(G - fi-‘)[c! - ($ - ti)p] = (C$ - &‘)b, (12) 

f[d - (c - ti)p] = 6. 

Solving these equations for the elements of? we 
have 

+ =(T&,Q (13) 

where 

TL = -@‘)-I@ -S-l)& 

Tz = (p’sin 8)-l [(C - G) f (2 - 59) cos S]b, 

T3 = [2( I-cos 8) (#I --ID,5 f 5-l - 2E cos 8)6, 

p’ = [2(kik’)b-bj 1’2 = 2p(l - cos 9), 

d’ = [(I&j:-’ - 2g cos 9)b-6) “’ = [2( I-cos S)] “&A 

Iierw, eqs. (2) and (3) as well as eqs. (A-4), (AS), 
(A-6), (5), (7), (9), (1 I) and (13) are general expres- 
sions connecting “internal” moiecular characteristics 
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with “external” superhelical parameters of the mole- 
cule. 

At x = 0 and t$ = 0 or n/2 eqs. (2) and (3) are re- 
duced to the corresponding equations for ordinary 
helical chains (the axis of the helix is a straight line 

PI I. 

4. Linear approximation 

We shall treat the case where R S p (this is equiva- 
lent to considering only small values of x) and the 
angles of internal rotation are the only parameters. 
Thus 

C$)k = ‘j* <‘jlk = ej 

(s& =~~i.f(&j)~ o‘=O, L.-a-l), (14) 

Gj)k =Yj+($l~ o’=O, 1)s 

where (AP~)~ and (ATilk are small deviations of the 
angles (I+)~ and ~j)~ from the respective values of 
the rotation a&es pi of the ordinary helix in sequences 

of structural units Bk_l., Bk and B,_, , Ak- 
Expanding components of eqs. (2), (3), (A-4), 

(AS), (Ad), f5), (7), (9) and (11) into a power series 

of X, (&$k and (A&. taking into account only lin- 
ear terms of the expansion, we obtain (see appendix 
2) a set of non-homogeneous algebraic equations 
which connects all values (A+& yd (AZ&_ The co- 
efficients of these equations include the parameters of 
the undistctied helix and other molecular quantities 

= -_x(d/2) sin $ cos (k9), 

u-1 1 

= x(dj2) sin $I sin (k9) f xp cos $J, 

=-_~~sin$ccos(k6) (k=O,...,n-I), 

with 

a,. = cos CtT1 *f - sin I?T? -$, 

bi = sin 9T1 -9 + cos STz -q, 

(15) 

cj- = d sin 4Tle-$ + d cos LIT2 -$ - p & “T3 -9, 

4 = d cos 9Tl .f - d sin 9Tz -q + p( 1 --MIS 9)T3 at, 

ei=P[sin9Tl-$-(1 -cos9)T2-q]. 

It should be pointed out that the set of equations 
(15) describes the variations of the rotation angles in 
the kth minor structural unit. Each minor structural 
unit (within the major one) may be characterized by 
its own set of values {AF~;-)~ as well as {AFi}k_ Thus, 
in order to evaIuate the conformational changes of a 
helical macromolecule deformed into a coiled-coil, 
we have to solve the set of equations (15) for all val- 
uesk=O,l,.__, rz-1. 

If p = 1 or 2, the set of eqautions ( 15) are incom- 
patible. This means that a minor structural unit of the 
superhelix cannot consist of one or two bonds, In- 
deed, according to our model the angle of rotation 6 
was assumed to be constant in the distorted initial 
helix and a chain forms superhelix solely due to the 
periodical shortening and lengthening of the vector 
bk. But for a chain with p = 1 or 2 the vector length 
IQ is constant for any rotation angle (at {lj] = const, 
{0$ = const). If, never+Jleless, a macromolecule with 
a structural unit of one or two bonds forms a super- 
helix then the minor strkctural units of the superhelix 
have to consist of several structural units of the orig- 
inaI helix. 

The equations (15) are invariant relative to the 
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transformations 

x, G + -87 -(n+). (16) 

This is equal to a reversal of the directions of the axes 
0’. .z)~, (r?, <)~,(v:‘z”)~ and confirms the equivalence 

*of both directions in the macromolecul. 

5. Results and discussion 

The equations (15) are used to obtain the varia- 
tions of the rotation angles for the DNA double-helix 
forming a coiled-coil. For DNA p = 6 and the number 
of unknowns in the set (15) is greater than the num- 

ber of equations. In this case the set of equations (15) 
is compatible but indefinite. The variables (A;jO)k+l 
;md (Az,)ktl were taken as arbitrary. Varying them, 

JO’ 

cd 

fd 

II 

-to’ 

-2d 

-30’ 

K 

a? 

cd 

fO‘- 

L 

-h!7! 

-20’ 

-30 

we found solutions of the set (15) and selected among 
them such solution which lead to the minimum values 
of other unknowns (L&J& u = 0, I, ___, p- 1). For sim- 
plicity (AT&, and (A&)0 were assumed to be equal 
to zero. Conformational characteristics of the DNA 
in B-form were taken from Amott’s paper [9] _ For 
the superhelix parameters we take the identity period 
D = I20 A and the radius of helix R = 50 and 60 a. 
To find the effect of the angle of inclination of the 
major he& (IT/;?--+) on the form of the solution, we 

take various values of the number of turns in &be iden- 
tity period M and, consequently, N [Ar2(4)* = 
M2(21;R)* -1-0~1 at ftved D and R_ The Iimiting case 
M+ m (n/2 - IJ -+ 0) for which the axis of the or- 
dinary helix is deformed into a circle and the super- 
helix degenerates into a tore, was also considered. 
The set of equations (15) was solved by the Gauss 

b 
C 

Fig. 3. Distortion of the rotation anglzs {Aq-}k (i J 0. . . . . 5) of the DNA in B-form in the superhelix formation. k is the number of 
the minor structural unit (k = 0, __.,n-I). Tik values of parameters are as follows: R = 50 pI,D = 120 A, p = 9 4 d = 3.4 A. 19 = 
35.5“. (a)M= 1 (Q = 69.3O, x = 3.6”. nN= lOO);@)M= 5 (ti =85.6”, x=3.9”. nN=460); (c)M -+ = c&b -+ 62, ,y = 3.9”. nN= MO). 
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method- Results obtained for the case where a right- 
handed helix of DNA is deformed into a left-handed 
major helix are shown in fig. 3 for M = 1,s and ~1_ 

As can be seen in fig- 3, within the major structur- 
al unit the changes of the rotation angles strongly de- 
pend on the number of the minor structural unit k. 
This means that different segments of the major struc- 
tural unit are deformed differently and, therefore, 
each minor structural unit is characterized by its own 
set of rotation angles Q$, (j = 0, 1, .__,p- 1). The 
middle segments of the major structural unit (k = 4 
and 5) are subjected to the maximum deformation: 
they experience the largest compression (bk is shor- 
tened) and IA~j,,-lk reach their maximum value. 

A decrease in the angle of inclination of the major 
helix (7~12 - I$) (Le., an increase in the number of 
turns M in the identity period approaching the limit- 
ing case of a tore) leads to a considerable deformation 
of the terminal segments (k = 0 or 9) of the major 
structural unit: they experience the largest extension 
(bk is lengthened). An increase of IAP& for k = 0 or 
9 is accompanied by a decrease of IAqj,,-lk for k = 4 

and 5 and in the limit their values are almost coinci- 
dent_ 

The variations shown in fig. 3 are obtained for M = 
1 and 5. The resulting curves for intermediate values 
of 1ci are similar. Their extremes lie between the cor- 
responding values \(AP~)&, shown in fig. 3. At M = 
2,3 and, consequently, Nrr = 190-280, the “mean 
deformation” of the major structural unit reaches a 
certain minimum (the deformation of the middle seg- 
ments diminishes but that of the terminal segments 
does not increase yet sufficiently). Therefare, the super- 
helix with such “external” characteristics may be 

‘fable 2 

more favorable than any other one with fixed D and 
R. 

With increasing radius of the major helix R the gen- 
eral picture remains the same but (Ayi)k slightly dim- 
inish. 

Deviations of the rotation angles from their values 
in B-form of DNA are rather small and the maximum 
ones do not exceed 28” (at R = SO and IV = 1). It is 
interesting to compare the values obtained with the 
variations of the rotation angIes in different forms of 
DNA [lo] (see table 2). It can be seen that on the 
whole the values {Apjln,, obtained do not exceed 
those corresponding to the transition from the B-Form 
to another one and have the same sign as the values 
for the B + C transition_ 

The resuhs of this work demonstrate that the DNA 
backbone, in general, can form a superhelix owing to 
the slight distortion of the rotation angles. It is obvi- 
ous that the calcuIation of the superhelix energy must 
be carried out for a detailed analysis. 

It should aIso be pointed out that, because the max- 
imum distortion of the rotation angles in the process 
of deformation reaches 28” and may be even greater 
(at R C= 50 A), the linear approximation in eqs. (2), 

(3), (A-4) (A-5), (A-6), (S), (7), (9), (11) may be not 
quite correct. Therefore, values {A$, derived from 
the set of equations (15) should be treated as the ze- 
roth solution of the exact equations (2) and (3); they 
may be used to find new soIutions of higher approxi- 
mation. 

Another interesting aspect should be mentioned. 
There are experimental data showing that besides the 
chromatine structural units of 200 base pairs of DNA, 
there exists a shorter periodicity with a structural unit 

Deviations of the rotation angles in different helical forms of DNA from their values in B-form 

The axis of internal 
rotation 

Rotation angle in 
B-form 

Deviations Aqi of the rotation angles 

B-form in C-form T-form A-form 
superhelix 

p” :01-P 264 -4 -27.9 -52.7 10.6 48.7 
U.?: c3-0, 154.7 20.5 56.7 -18.7 23.4 
d : c4-c3 IS65 -9.5 -15.9 -10.5 -73.3 
P :cs-C4 36.4 27.7 11.3 49.6 8.9 
e” : O~-c~ 2135 -28.0 -70.1 9.5 -5.1 
+O : P-04 313.9 -12.9 0.7 -26.9 -38.6 
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of about 10 (or 20) base pairs [ll] . The existence of taming therefore, Nir = 190 base pairs and the ‘mmor” 
the shorter periodicity may be easily understood from periodicity would be connected with one major struc- 
the superhelix model if we assume that the “major” tural unit, containing 10 minor units, i.e. 10 base 
periodicity is connected with the identity period of 
the major helix and the “minor” periodicity corre- 
sponds to the identity period of the mmor helix. Ac- 
cording to the foregoing, these data can be attributed 
to the superhelix with R = 50 &, D = 120 A and M = 
2. fndeed, in this case the “major” perioclicity would 
be connected with N= I9 major structural units, con- 

Appendix 1 
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In eqs. (2) and (3) the transformation matrix A may be written as follows 
^ ^ a 

Nk = <Qr,Pk,-' Gk+lPk+l, 

to Eofessor V-V. Chavchanidze 

(A-1) 

where fii is the matrix of transformation from the (4;. q, Q to the (x, y, z)~ coordinate system: 

cos (@) -sin ($) 0 

% = 

i 

sill@) cos(@) 0 , 64.2) 
0 0 1 I 

$ is the matrix of transformation from coordinate system (x, y, z)~ to the fued coordinate system (X, Y, Z) 

cos (ix) cos $J sin (ix) -sin t$ sin (ix) 

tjj= 

i 

-sin (/x) cos $ cos (ix) -sin I$ cos (ix) 

0 sin@ cos 9 I 

_ (A-3) 

Intrc ducing eqs. (A-2) and (A3) in eq. (A-1) we have 

cos 6 - (1 -cos x)at 1 +cl sin x -sin0 f (I-cos~)at~fc~ sinx c1t3 sin 9 
_ 
Nk= sin6+(l-cos~)~~~~-~~sin~ 

i 

cos 9 - (1 -SOS x)a2*tc1 sir-l x “23 sin * > (A-4) 

~3~ sin Q ffj++ i cos x + co&( I-cos x) 

where 

aI1 = cos[(k+l)b] cos (k9) f cos2$ sin[(k+1)9] sin (f&9), 

612 = sin[(k+l)9] cos(k9) - cos2$ cos[(k+l)9]sin(k6), 

a13 = -sin y cos (kk9) f cos +( 1 -cos x) sin (k9), 

a2L = cos[(kf-l)S] sin (k6) - cos2+ sin [(kf1)6] cos(W), 

a22 = sin [(k+l js] sin (k6) f cost+ cos [(k+1)9] cos (k9), 

az3 = sin x sin (k9) f cos $I( l-cos x) cos (k&), 

Q31 = sinxcos[(k+l)9] + cos l&0(I-cos~sin[(k+1)6], 

J32 = -sinxsinj(k+1)9] + cos~~l-cosx)cos[(k+1)9], 
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cl =cor~sinS, C.J = cos $b cos 9. 

The transformation matrix ek can be expressed as 

f 

i 

11 fi2 sin $ sin (k6) 

ik = @&Q-l = fir 
f22 sin 9 cos (k9) 

I 

, 

-sin I$ sin (w --sin l&k cos (Q) co5 + 

where 

f 11 = COs(~)cos(if)-+cos~sin(~)sin(k9), fl 2 = --sin (Icy) cos (W) f cos * cos (Q) sin (kk9), 

R &OS [(k-c-l) x] - cos (kgl] 

-R Csin[(kfl) x] - sin (Ax)3 
H 

(A-5) 

f 21 = -cos (kx) sin (k9) f cos $ sin (a) cos (k6), fiz = sin !kx) sin (k6) + cos + cos @XI cos (k9). 

The component= of the vector (OET~+.~ - Oak) in the fried coordinate system (X, I’, Z) are 

(A.61 

(I) in eqs. (A.4), (A.5) and (A-6) expand the elements of matrices G,, kk and vector (UU~+~ - CIO~) into a 
,?ouer series of the parameter x and retain only linear terms_ Then 

t$=kJ-rx$, (A.71 

where tie matrix G is just the same as the corresponding matrix in ref. [S] 

i 

cos~siIl9 cos $ cos rp 
a 

ilk = -cos I# cos 6 COSrfrsinIY 

sin * cos [(k51)61 -sin + sin [(k+1)91 

Wok+l - OCQ - I(& - K&) P = S6 c Wk_ 

i-‘b coincides with the amlogous expression in ref. 181 I 

-P(l - cosS)\ 

j---L& = psin6 
I 

d t 

. (A-% 

(A.10) 

(A.1 1) 
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-(d/2) sin + cos(k9) + p cos $ sin 9 

mk y (d/2) sin $ sin (kt)) - p cos $ cos 8 

p sin I$ cos [(k+l )a] i 

. (A-12) 

(2) Taking into consideration eq. (14), expand the components of the matrix (7) into a power series of (Ayi)k 
and retain only linear terms. Then 

where 

1 
cos ffj sin yj co5 y. I 

sin ozj sin gij 

Lj = -cos CYj co.? lgj sin pj -sin crj cos pj . 

0 0 0 i 

Substitution of eq. (A.13) in eq. (5) gives 

P-l P-1 j-1 P-l 

$=,G $+,g (ApJ& 5s c. n it. 
t r J c=j+l 

which can be rewritten as follows 
P--I j-l 

gk = tti + I2 (A+, :“, + i,.gJ:’ 

where 

where 

‘j-1 &-l)&l(j_l) = 

i 

At i = 0, ~_i = k:. In the same way 
I 

(A-13) 

(A.14) 

(A.15) 

(A-16) 

(A-17) 

(A.18) 

(A-19) 

(A-20) 

(A.2 1) 

(A-22) 
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(A.23) 

and tzxking into account that 

Substituting eqs. (A.i9), (A.21) and (A.22) in the ri&t side of eq. (2) and using the condition h = ?‘6^i we 
find 

P-1 1 

ik_%& - (~~j~“lj~(~~~~~]=i-l~~_linj +fg (AQ+ltii-ltii_lt IA%) 

it can be readily shown that 

(A-27) 
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-sin 19 T3 -9 

i. 

-cos 9 T3 -if 

kj = G(+‘Gfj_li) = cos a Z-3 l Iy -sin 6 T3 l 5 . 

-T2 l dy Tl *iy 

Substitute eqs. (A.22) and (A-24) in the right-handside of eq. (3). Then 
1 P-1 

iklbk = ?-lb -jz (A$&?tij_Ib + ,g (A~j)kt-‘tij_I [b - &j-l)] a 

It can be shown that 

2-1 *AC!‘- I) 

._ i-lic-_lb(_j-l) = T,=ACj-1) 

i i 

, 

T3 *A& 1) 

where 

Ali-1)= #Xb&l)]_ 

Using eq. (A. I i) we hare 
P-1 

%;$ = ;i’-l& t ,2 [(AP~)~ - (6,,i+61i)(A~~)kjDj, 

where 

(A.31) 

(A.32) 

(A-33) 

(A-34) 

(A-35) 

--p sin 6 2-3 -q 

L 
fdT& -(I--GOi)(ia,j)T1’A(j-l) 

Dj = -p( 1 -cos 6)T3 l fj? - dTl -9 - (1 -60i) (1 ali& l A(& 1) 

1 

* (A.36) 

p(l--cOsB)T~-~ 4psinIw1-f -(l-Soi)(l-Gli)~~~A~-l) 

Substituting eqs. (A-7), (A.lO), (A.291 and (A-35) in eqs. (2) and (3) and equaling the respective elements on 
both sides of eqs. (2) and (3), we obtain the set of linear algebraic equations (IQ 
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